Uniform subellipticity 

A.F.M. ter Elst 1 and Derek W. Robinson 2 



Abstract 

We establish two global subellipticity properties of positive symmetric 
second-order partial differential operators on L 2 (R d ). First, if m G N 
then we consider operators H with coefficients in W m+1,oc (R d ) and 
domain D(H Q ) = W°° ,2 (R d ) satisfying the subellipticity property 

c(<p,(I + Ho)<p)>\\X"*<p\\l 

for some c > and 7 G (0, 1], uniformly for all f G W QC ' 2 (R, d ), where 
A denotes the usual Laplacian. Then we prove that D(H a ) C D(A ai ) 
for all a G [0, 2 _1 (m + 1 + 7 -1 )). Hence there is a c > such that the 
norm estimate 

c\\(I + H) a <p\\ 2 > \\A^<p\\ 2 

is valid for all (p G D(H a ) where H denotes the self-adjoint closure 
of Hq. In particular, if the coefficients of Hq are in C£°(R d ) then the 
conclusion is valid for all a > 0. 
Secondly, we prove that if 

N 

Ho = 2_j ^ i ' 

i=l 

where the Xj are vector fields on R d with coefficients in C£°(R d ) sat- 
isfying a uniform version of Hormander's criterion for hypoellipticity, 
then Hq satisfies the subellipticity condition for 7 = r _1 where r is the 
rank of the set of vector fields. Consequently D(H n ) C D(A n / r ) for 
all n G N, where H is the closure of H . 
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1 Introduction 



Our aim is to derive two global subellipticity properties of second-order self-adjoint elliptic 
operators on L 2 (R d ). Initially we consider operators of the form 

d 

H = -J^diCijdj (1) 

i,j=0 

with domain D(H ) = W°°' 2 (~R d ), where d = il and dj = d/dxj if j G {1, . . . ,d}. We 
assume throughout that the coefficients Cjj G W m+1 ' 00 (R, d ), where m G N, are complex- 
valued and C = (cij) is a symmetric positive-definite matrix. In particular, the coefficients 
are always at least twice differentiable. Although we allow the Cy to be complex one 
could use symmetry to re-express Hq in the form ([1]) but with real-valued coefficients. 
Then, however, the corresponding Qo and coj are not necessarily in iy m+1, °°(R d ). Since 
G W 2 '°°(R d ) it follows, however, that H is essentially self-adjoint on W°°' 2 (R d ) (see, 
for example, [Rob], Section 6, or Proposition 12.31 below) and we denote the self-adjoint 
closure by H . 

If 7 G (0, 1] then H is defined to be subelliptic of order 7 if there is a c > such 
that 

C (^(I + #o)^)>i|A^ (2) 

for all ip G W°° ,2 (R d ). Then the subellipticity condition extends to H and c (J + H) > A 7 
in the sense of quadratic forms. A local version of Condition ([2]) arose in Hormander's 
work |Horj and is significant as it implies hypoellipticity of Hq. The global version implies 
uniform boundedness of the semigroup kernel associated with H by an argument based on 
Nash inequalities. 

Our first result establishes that the subellipticity condition is self-improving. 

Theorem 1.1 Let H be a positive, symmetric, subelliptic operator of order 7 G (0,1] 
with coefficients Cy G W m+1 '°°(R d ) , where m G N, and with self-adjoint closure H . Then 
D{H a ) C D(A a7 ) for all a G [0, 2" 1 (m + 1 + 7- 1 )) and there is a c> such that 

c\\(I + H) a <f\\ 2 > ||A Q >|| 2 (3) 

for all ip G D(H a ). 

The theorem is a strengthened global version of a local result of Fefferman and Phong 
(see |FeP] . first part of Theorem 1). Fefferman and Phong established the local version for 
a = 1 by a double commutator estimate and the theory of pseudodifferential operators. 
The latter limits the result to operators with C^-coefficients. But if the coefficients are 
smooth then much more is true. 



Corollary 1.2 If Hq is a subelliptic operator of order 7 G (0, 1] with coefficients c^ G 
C b °°(R d ) then D(H a ) C D(A° 7 ) and ® is valid for all a > 0. 

Our proof of Theorem 11.11 uses a double commutator estimate combined with techniques 
of functional analysis [DrSj [Rob]. 
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Our second result deals with operators of the special form 

N 

H = Y^X*X l (4) 

i=l 

constructed from C£°-vector fields X±, . . . , X^v, i.e., vector fields on R d with coefficients in 
C£°(R d ), satisfying a uniform version of Hormander's criterion for hypoellipticity. Specif- 
ically, if r G N then the vector fields X\, . . . , Xn are defined to satisfy the uniform 
Hormander condition of order r if each C£°-vector field X can be expressed as a linear 
combination 

X = ^ Ipa X[ a ] 
a: l<\a\<r 

with ip a G C£°(IL d ) where a = (ii, . . . ,i n ) is a multi-index with ik G {1, . . . , N}, \a\ = n, 
and X[ a i = [X i2 , . . . , [X^^, X in ] . . .}] is the corresponding multi-commutator. This 
version of the Hormander condition was introduced by Kusuoka and Stroock (see |KuSlj . 
Condition (H) on page 400). In Section Owe present several different characterizations of 
the uniform Hormander condition. 

Theorem 1.3 Let H be given by @ where X\, . . . ,X^ are -vector fields on R d satis- 
fying the uniform Hormander condition of order r. Further let H denote the closure ofH . 
IfneN then D(H n ) C D(A n/r ) and there exists a c> such that 

c\\{I + H) n <p\\ 2 > ||A n />|| 2 (5) 

for all ip G D(H n ). 

Theorem 11.31 follows from Theorem 11.11 or Corollary 11.21 once one establishes that the 
operator H given by (@J satisfies the estimate (T5]) with 7 = r _1 . The latter is a global 
version of Hormander's key estimate ([HorJ, Theorem 4.3). Hormander's argument estab- 
lished a local version of (T5]) for all 7 G (0,r _1 ). Rothschild and Stein |RoSj subsequently 
established the local estimate for the optimal value 7 = r -1 . The arguments of Rothschild 
and Stein, which also establish optimal local versions of the estimates ([5]), are based on an 
application of their general lifting theory. Our arguments are completely independent of 
this technique and provide an alternative proof of the optimal local results. 

2 Improvement properties 

In this section we prove Theorem II .11 by use of commutator estimates. Commutator theory 
was initially developed by Glimm and Jaffe |GUlj to derive self-adjointness and regularity 
properties of quantum fields. It has since developed into a useful tool for various applica- 
tions in mathematical physics (see, for example, [G1J2] . Section 19.4, [ReSj . Section X.5, 
[Far], Section 11.12, or |CFKSj . Section 4.1). Most of these applications are based on single 
commutator estimates but the analysis of degenerate operators requires double commutator 
estimates |DrSj [Rob]. 

In the sequel we need to estimate double commutators such as [A, [A, H ]] or analo- 
gous commutators with powers and fractional powers of A. If the coefficients of Hq are 
in C£°(R d ) then the commutators are defined as operators on W°° ,2 (R d ). If, however, 
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the coefficients of H are only twice differentiable then the double commutators have to 
be defined as sesquilinear forms on W°°' 2 (El d ) x W°° ,2 (R d ). In general, if A, B are two 
symmetric operators in a Hilbert space H. and T> C D(A) n D(B) is a subspace of 7i then 
the commutator [B, A] is defined as a sesquilinear form, with form domain T>, by 

{il>,[B,A]<p) = {B1>,A<p)-(Ail>,B<p) . 

Moreover, if A,B X ,B 2 are three symmetric operators in H and T> C D(A) PI D(B 2 B X ) D 
-D(ABi)n_D(AB 2 ) then the double commutator is defined as a sesquilinear form [_B 2 , A]], 
with form domain X>, by 

(V>, [Si, [S 2 , = {B 2 B^, A<p) - (ABiip, B 2 <p) + (Aip, B 2 B lV ) - (AB 2 ip, B l( p) . 

Although this is a slight abuse of notation it should not cause any confusion. Subsequent 
calculations of commutators involving differential operators and multiplication operators 
have to be interpreted in this form sense. Such commutators simplify by use of the relations 
[di,c](p = (dic){p where c is a differentiable function acting as a multiplication operator. 
Double commutators enter estimates through the two identities 

Re(B 2V , [Bx,A](p) = 2~\<p, [B 2} [B x ,A)]<p) (6) 

and 

Re(Aip, B 2 ip) = {Bip, AB V ) + 2~ 1 {ip, [B, [B, A]]ip) (7) 

for all (p G T>. In particular if A > the first term on the right of (j7|) is positive and the 
double commutator gives a lower bound. 

Throughout the rest of this section we set L = I + A and let St denote the self-adjoint 
contraction semigroup generated by L. Further we let Hq be the second-order positive 
operator in divergence form with coefficients given by ([1]) where the G W m+1 ' oc (~R d ) 
and m G N are fixed. 

Lemma 2.1 The following commutator estimates are valid. 

I. There is a c > such that 

d 

\w>, [dr,H ]M <c\\L m ^\\ 2 iiL m /vii 2 

fc=0 

for allip,ip G W°°> 2 (R d ). 

II. There is a c > such that 

3m 

[L m ,[L m ,H ]] V )\ < cJ2 ||^ /2 ^||2||^ (4m - n)/ Vl| 2 

n=m 

for allip,ip G W°°' 2 (R d ). 

III. If, moreover, G W 3,oc (R d ) then there is a c> such that 

\U>, [L, [L,H Q ]]<p)\<c\\I4h\\L<ph 
for all(p,ip G iy°°' 2 (R d ). 
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Proof The proof is by straightforward calculation using the fact that the coefficients are 
771 + I times different iable. □ 

The lemma has an important corollary which is in two parts. The first was a key 
observation of [Rob] . The second will be used in our analysis of Hormander operators in 
Section |U 

Corollary 2.2 The following commutator estimates are valid. 

I. There is a c > such that 

\(1>,[s u {s t ,H ]]v)\<cU\\ 2 y\\ 2 

uniformly for all tp, ifj G W°°' 2 (R. d ) and t > 0. 

II. If, moreover, Cij G W 3,oc (Ti d ) then there is a c > such that 

[St, [St, H ]]<p)\ <c\\(I- SM\ 2 \\(I - s t M\ 2 
uniformly for all if, ip G W°°' 2 (R. d ) and t > 0. 
Proof The proof of both statements is based on the identity 

(V>, [S t , [St,H ]](p) = / du dv(S u+v ip,[L,[L,H \]S 2 t-u-v l p) ■ 
Jo Jo 

If c > is as in Lemma [2. llllll applied with m = 1, then 

\(J>,[S t ,[S t ,H Q ]]<p)\<cJ2 f du f dv\\L n l 2 S u+ M2\\L {i - n)/2 S 2t ^M\2 

n=l ^ ^ 

< c j2 ( T ^«~ n/4 (i - «r (4 - n)/4 )' 

n=l ^° 



for all v?, t/> G W r ° 0,2 (R £i ) and t > and the first statement follows. 

The second statement follows by using Lemma f2 . 1 llllll and the Cauchy-Schwarz inequal- 
ity to obtain the bounds 

[S t , [S t , H ]]<p)\ < c (^j du J dv \\LS U+V ip\\f) ' { J Q du J dv \\ LS 2t-u-vf\\fj 
Then, however, one has 



du dv\\LS u+v ijj\\ 2 < du dv\\LS^ u+v)/2 ^\\ 2 = \\(I - S t )ilj\\ 2 
Jo Jo Jo 

with a similar estimate for the yj-factor. □ 

The foregoing commutator estimates allow one to extend the argument used to prove 
Theorem 2.10 in |Rob] and to conclude the essential self-adjointness of Hq. Further if 
c^ G C£°(R d ) one can deduce from Theorems 2.16 and 2.17 of |Rob] that the closure 
H of Hq generates a semigroup T which leaves the Sobolev spaces W a ' 2 (R d ) = D(L a ^ 2 ) 
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invariant. We will give shorter self-contained proofs of these results and establish a key 
invariance property for c^- G W m+1 '°°(T{, d ). 

First, note that H maps W°°' 2 (R d ) into W m ' 2 (R d ) since c {j G W m+1 '°°(R d ). Secondly, 
note that for all a > the space W CT ' 2 (R <i ) is a Hilbert space with respect to the inner 
product (■, • } CT given by (il>,(p) a = (L a / 2 ip, L a l 2 tp). Moreover, if n G No then the inner 
product ( • , • )' n on iy n ' 2 (R d ) defined by 

d 
fc=0 

is norm-equivalent to ( ■ , • ) n . 

Proposition 2.3 Let Hq be a positive, symmetric, second- order, divergence form operator 
with coefficients G VF m+1,0O (R <i ) where m G N. T/ien i/ie operator Hq is essentially 
self-adjoint on W°° ,2 (R d ). If T is the self-adjoint contraction semigroup generated by the 
closure H of Hq then T leaves the Sobolev spaces W a,2 {R d ) invariant for all o G [0, m\. 
Moreover, the restriction of T to W a ' 2 (R d ) is a continuous semigroup on W a ' 2 (R d ) and 
W°° ,2 (R ) is a core for its generator H^y 

The proof consists of verifying the criteria of the Lumer-Phillips theorem on the Hilbert 
spaces L 2 (R d ) and W m ' 2 (R d ) with inner product ( • , ■)' m . 

Lemma 2.4 There is an uj > such that 

M<PAH O +uI))<p)' m >0 (8) 

for all if G W°°> 2 (R d ). 

Proof Since (idk) m is symmetric one deduces from ([7j) that 

d 
d 

= Yffi<P,B<0k<P) + (~l) m 2-V [9?,H ))<p) 

> -2 _1 c \\L m/2 ip\\ 2 2 = -2 _1 c <^) m 

for all 99 G W°° ,2 (R d ), where c is the constant in Lemma [2.1IH1 Then (jSJ) is valid because 
the norms associated with the inner products ( • , • ) m and ( • , • )J ri are equivalent. □ 

Lemma 2.5 There exists an e > suc/i t/iat (J + ei/o)W /00 ' 2 (R <:i ) dense in L 2 (R d ) and 
H/ m ' 2 (R d ). 

Proof Let n G {0,m}. We establish below that there exists a c > such that 

-Re(ip,H Q S 2t ip)' n <c\\L n ! 2 ip\\l (9) 
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uniformly for all t > and ip G W°° ,2 (R, d ). It then follows by continuity that is valid 
uniformly for all t > and ip G D(L n / 2 ). Moreover, there exists a C\ > such that 

d 

\\l^\\ 2 2 < Cl J2\\9Ml 

k=0 

for all <p G W°°' 2 (R d ). Now set e = (2cc\)~ x . Let ip G D(L n / 2 ) and suppose that the inner 
product (y>, (J + eH )ipy n = for all V e W°°' 2 (R d ). Then S 2t p G ^°°' 2 (R d ) and 

d 

c- l \\s t L n i 2 p\\ 2 2 < £ \\s t d n M\l = (p,s 2t p)' n 

k=0 

= -eRe(p,H S 2t p)' n < ce\\L^ 2 p\\ 2 2 = {2c 1 )- 1 \\L n l 2 V f 2 

for all t > 0. So \\L n / 2 p\\ 2 = lim uo ||5 4 L™/ 2 ^|| 2 < 2- 1 \\L n / 2 p\\ 2 and y> = 0. Therefore it 
remains to prove (Q. 

Let t > and <£> G W°°' 2 (R d ). The starting point is the identity 

d d 

Re(p, H S 2t p)' n = ]T BB{d£<p, H S 2t d n k p) + ]T Re(«9 fc >, [flJJ, H ]S 2t p) . (10) 

fc=0 fc=0 

We will bound the two terms separately. 
The first term satisfies the identity 

d d d 

M%<P, H S 2t d n k p) = J2(S t d^, H S t d n k p) + 2- 1 (Sjf^ s [5 tl [5 t , F R» 

fc=0 fc=0 fc=0 

where we have again used ((71). Therefore if c > is as in Corollary I2.2IU1 then 

d 

^Re(d>,iWW > -2- 1 c||L"/ 2 ^|| 2 . 

fc=0 

Note that c is independent of £ and <p. If n = this completes the proof since the second 
term in (jTOl) is identically zero. 

If n = m then, by ([6]), the second term in ([TO]) satisfies the identity 

d d 

^ (<9£V, [d?, H }S 2t p) = (-l) m Y ^\S t p, [d?, [df, H ]]S t <p) 

k=0 k=0 

d 

-^Re(9 fc >,[^,[9r,^o]]^) . (11) 

fc=0 

But the first term in (TTTT) satisfies 
d 

jV 1 ^, id?,[d?,H }}S t p)\ < 2- 1 c\\L m / 2 S t p\\l < 2- 1 c\\L m / 2 p\\ 2 2 

k=0 
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with c the constant in Lemma I2.1IH1 Finally, if k e {1, . . . , d} then we estimate the last 
term as follows. The Cauchy inequality gives 



KflEV, [St, [d™,H }}s t <p)\ < ||L m/ Vl| 2 \\[s t , [d™,H ]]SM\2 ■ 

Moreover, 

d m— 1 / \ 
i,j=0p=0 VP_t ~ ' 

Therefore 

d m— 1 ✓ \ 

ii[5 t ,[sr,^o]]^ii 2 < X)E( D + 1 )(ii[^(^ 1 ^)]5 t ii2^2 

ij=l p=0 ^ ' 

+ l|[^(^ +1 ^)]^ t || 2 _ 2 ) ||L m/ Vl| 2 



The first term on the right is clearly bounded by a multiple of ||L m / 2 </?|| 2 . But the second 
satisfies a similar bound since 

d pt 

|| [S t , (<9fc +1 Cy)] ftSt || 2^2 <"y] I du \\diS u (did p k +1 Ci j )diS 2 t-u + S u (dio^ +1 c ij )didiS2t-uh-^2 

i=i Jo 

d „i 

< E H^^ilU / d«(u _1/2 (2 - w)- 1 / 2 + (2 - m)" 1 ) 

for all p e {0, . . . , m — 1}. This completes the proof of (Q and the proof of the lemma. □ 

Proof of Proposition 12.31 The operator Hq is positive and symmetric on L 2 (R d ). 
It then follows from Lemma 12.51 that it is essentially self-adjoint in L 2 (R d ). Therefore 
the self-adjoint closure H generates a self-adjoint contraction semigroup T on L 2 (R d ). 
It follows from Lemmas 12.41 12.51 and the Lumer-Phillips theorem, |LuPj Theorem 3.1, 
that the operator H is closable on W m ' 2 (R d ) and that its closure generates a continuous 
quasi-contraction semigroup on W m,2 (R d ) if W m ' 2 (R d ) is equipped with the norm induced 
from the inner product ( • , -)' m . But this quasi-contraction semigroup is automatically 
the restriction of T to W m,2 (R d ). Moreover, it is a continuous semigroup on W m ' 2 (R d ) 
equipped with the norm induced by ( • , • ) m . If a £ (0,m) it follows by interpolation 
that T leaves the Sobolev space W a ' 2 {R d ) invariant and the restriction of T to W a ' 2 (R d ) 
is a continuous semigroup on W a,2 (R d ). Let Hi a -\ denotes the generator on W a ' 2 (R d ). 
Then (XI + H )W CO ' 2 (R d ) is dense in W m ' 2 (R d ) for large A > by Lemma [231 so (XI + 
H (a) )W co ' 2 (R d ) = (XI + H )W co ' 2 (R d ) is dense in W a ' 2 (R d ). Therefore W°°' 2 (R d ) is a core 
for H {a) . □ 

Next we turn to the problem of improving order properties. Note that if A and B are 
self-adjoint operators and A > B 2 then it is not true in general that A 2 > B 4 although it 
is true if A and B commute. The next lemma draws a similar conclusion from a double 
commutator bound. 
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Lemma 2.6 Let V be a subspace of a Hilbert space TC and A,B a symmetric and self- 
adjoint operator on Ti, respectively, such that V C D(A) PI D(B) and BV C V. Assume 

(<p,Ap)> \\B<pf (12) 

for all ip ET>. If there are e G [0, 1) and c > such that 

\(<p,[B,[B,A}}<p)\ <e\\B 2 <p\\ 2 + C y\\ 2 (13) 

for all ip G V, then 

\\A V \\ 2 > (I - e)\\BM 2 ~ c\\ V \\ 

and in particular, 

\\A V \\>(l-s)\\B 2 V \\-c l l 2 IMI 

for all ip ET>. 

Proof One estimates that 

\\A<p\\ 2 + ||BVir > 2Re{Acp, B 2 cp) 

= 2(B<p,AB<p) + ( V , [B, [B,A}}<p) 

> (2-e) \\B 2 ip\\ 2 - c\\ip\\ 2 

for all ip G V where we have successively used ©, (|T2j) and (TLB"]) . The statement of the 
lemma follows immediately. □ 

The double commutator estimate ([TBI is a rather weak requirement for second-order 
differential operators. For example, if B = L and A = Hq then Lemma 12.1111111 gives the 
much stronger bound 

\{<p,[B,[B,A]]<p)\<c\\B<p\\ 2 . 

But our proof of the improvement of subelliptic properties follows from application of 
Lemma [2.61 with B a fractional power of L and this leads to a slight 'loss of derivatives'. 
Recall that we assume c^- G W m+1 '°° (R d ) with m G N. 

Lemma 2.7 For all p G [0, m) and 5 > V (p — 2~ 1 m) there is a c> such that 

\{<p, [IS, [IS,H ]]<p)\<c\\IS +s p\\ 2 2 

for all <p G W°°' 2 (R d ). 

Proof The case p = is trivial, so we may assume that p > 0. Set r = mT l p G (0, 1). 
Then 

/■oo 

L p = (£»»)t = Ci / dA a- 1+ -L(AJ + L)- 1 
</o 

where c x = J °° rfA A~ 1+T (l + A) -1 . Let c> be as in Lemma [2HEU 
Let (p G ^°°' 2 (R d ). Then 

pOO pOO 

(cp, [L", [L p , H ]}<p) = c{ 2 dX dp (XpY(R x R^, [L m , [L m , H Q ])R X R^) 

J o Jo 

3rn poo poo 

<cc^ 2 J2 dX dfi (XpY\\L^ 2 R x R^\\ 2 WL^-^RxR^h 

n=rn J <> J 



where R x = (XI+L m )- 1 . It follows from spectral theory that ||L a i2 A || 2 ->2 < (l + A)-( m " Q )/ m 
for all A > and a G [0, m]. 

Let n G {m, . . . , 3m}. Set rji = (2~ l n) A (p + S) and rj 2 = (2 _1 (4m — n)) A (p + S). Then 

\\L n l 2 R x R^\\ 2 < \\L^- 2 ^R X R^ 2 \\U>^\\ 2 < ((l+A)(l+/x)) ll^+Vlh 
for all A,/i > 0. Similarly, 

/ \ -(4m) _1 (n+2n 2 ) 

\ lL (±m-n)/2 RxRM2 < ^ + A)(1 + ^ j ||LP+ ^ ||2 

Therefore 

/•CO /*OC 

/ dA / ^(A^HI^/^^lbUL^-^^^lh 
Jo Jo 

a 00 \ 2 

dAA r (l + A)- (2mrl(2m+ " 1+??2) J H^+Vlls • 

So it remains to verify that the integral is finite, i.e., we have to show that 7/1+7/2 > 2mr = 
2p. 

If p + S < 2- 1 nA2- 1 (4m-n) then 7/1+772 = 2(p+S) > 2p. If 2~ 1 n V2- 1 (4m-7i) < p + S 
then 7/1+7/2 = 2m > 2p. Finally, if 2~ l n < p+S < 2 _1 (4m — n) then 7/1+7/2 = 2~ 1 n+p+S > 
2~ 1 m + p + <5 > 2p since 5 > p — 2~ 1 m. Similarly 7/1+7/2 > 2p if 2 _1 (4m — n) < p + S < 2~ l n. 
This proves the lemma. □ 

The previous lemmas can be applied to establish an improvement of Theorem 11.11 

Theorem 2.8 Let Hq be a subelliptic operator of order 7 G (0, 1] with coefficients Cij G 
W" rn+1 '°° (R d ) , where m G N, and with self-adjoint closure H. Further, let o G [0,2 _1 m). 
If ip G and Hep G iy 2,T ' 2 (R d ) i/ien <p G W 2cT+2 ^^{Yi d ) . Moreover, there exist c,lu > 

S7tc/i i/iai 

c\\L°{u Q I + H {2c) )ip\\ 2 > \\L°+^\\ 2 (14) 
/or a// ip G D(i/(2cr)); where H( 2a \ denotes the closure of Hq on W 2a ' 2 (R, d ) . 

Proof Since the restriction of 5* to W 2a,2 (R d ) is a continuous semigroup there exists an 
lj > 1 such that \\L a p\\ 2 < \\L°(u I + H )<p\\ 2 for all ip G W°°' 2 (R d ). Set r = 2~ 1 7 . Since 
II L T tp || 2 < 4 ||A r (p||2 + || p || 2 there exists by subellipticity a c > such that 

c(cp, {u Q I + H Q ) V ) > \\L T <p\\ 2 2 

for all <p G iy°°' 2 (R d ). Set A = cL a (uj I + H )L a and B = L a+T . Then (<p,A<p) > \\Bp\\ 2 
for all (p G iy oo ' 2 (R a! ). So flT2J in Lemma EH is satisfied with V = iy°°' 2 (R d ). Fix 
S G ((cr — 2~ 1 m + r) V 0, r). Then it follows from Lemma [2.71 that there are c', u > such 
that 

|fo [S, [5, = c|(L>, [L<^, [L^,ifo]]LV)| 

< c/HL^+Vlll < 2- 1 ||L 2CT + 2 >|| 2 + u Ml 

for all ip G W°°' 2 (R d ). 
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So by Lemma [2.61 



c 2 \\L a (tu I + H )L a tp\\ 2 2 > 2- 1 \\L 2a+2T ip\\ 2 2 - u \\<p\\l > 2- 1 \\L 2a+2r tp\\ 2 2 - to \\L 2a tp\\ 2 2 

for all Lp G W°°' 2 (R d ). Since IF is a bijection from W°°' 2 (R d ) onto W°°' 2 (R d ) one may 
replace LF f by if and then (j!4j) follows by rearrangement uniformly for all if G W°°' 2 (R, ). 
But W°°' 2 (R d ) is a core for H (2a) by Proposition IO So dHJ is valid for all ^ G D(H (2a) ). 
The first statement follows immediately from the second. □ 

Proof of Theorem 11.11 This follows immediately from Theorem 12.81 by interpolation 
and a telescopic argument. □ 

We conclude this section with four remarks on Theorem 11.11 

First, Theorem 11.11 can be rephrased in terms of order relations. The estimate ( I14p 
with a = is equivalent to the quadratic form estimate 

c 2 (I + H) 2 >L 2 ^ . 

Then since the order relation between positive self-adjoint operators is respected by taking 
fractional powers one has 

c 2a (I + H) 2a > L 2 ° 7 
for all a G (0, 1]. But (fl4l) with o > is equivalent to the estimate 

c 2 (I + H)L 2a (I + H)> L 2ct+27 

and then the previous argument can be iterated to obtain the order relations covered by 
Theorem 11.11 

Secondly if Qj G W 2,oc (Tl d ) then Theorem 11.11 establishes that the subellipticity con- 
dition (j2J) implies the estimate ([3]) with a — 1. But the foregoing observation on order 
properties establishes the converse. Thus (j2J) is equivalent to ([3]) with a = 1. This is a 
global strengthening of the first statement in Theorem 1 of Fefferman and Phong [FePj. 

Thirdly, the statement of Theorem 11.11 is partly redundant since the closed graph theo- 
rem implies that if the inclusion D(H a ) C D(A a7 ) is valid for one a > then there exists 
a c > such that fl3]) is valid. 

Finally, if 7 = 1, i.e., if H is strongly elliptic, then the statement of the theorem is 
also valid for a = 2~ 1 {m + 1 + 7 _1 ) = 2 _1 (m + 2), and this is the best estimate one could 
expect for operators with coefficients Cy G W m+1,oc (R, d ) . The extension is a consequence 
of the theorem, applied with a = 2~ 1 (m + 1), together with a simple commutator estimate. 
In fact for 7 = 1 the domain inclusion in the theorem is an equality which is also valid on 
the Lp-spaces if p G (1, 00) (see [E1R2], Theorem 1.5. II). 

3 C 6 °°-flows 

In this section we prepare the discussion of elliptic operators (j4j) of Hormander type by 
recalling some basic properties of the flows corresponding to C£°-vector fields. We also 
give several estimates for products and commutators of such flows. Local estimates of a 
similar nature are an important feature in the work of Hormander |Hor] and Nagel, Stein 
and Wainger [NSW] but our emphasis is on estimates which are uniform over R d . The 
uniform Hormander condition is not relevant in this section. 
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Let X be a C£°- vector field on R d with coefficients Oj. Then it follows from the theory 
of ordinary differential equations that there exists a unique C°°-function /:RxR ll ^R' i 
such that 

-^-(t, x) = di(f(t, x)) and f(0, x) = x 

for all x E H d , t G R and i E {1, . . . , d}. We adopt the conventional notation exp(tX)(x) = 
f(t,x). Then for all up E C°°(R d ) and t E R we define e tx uo E C°°(R d ) by {e tx uo){x) = 
ip(exp(tX)(x)). The relevant properties of these maps are summarized as follows. 

Lemma 3.1 Let X be a -vector field on Ti d . Then one has the following. 

I. cxp(rX)(exp(sX)(:r)) = exp((t + s)X)(x) for all x E R d and t,s E R. Hence for 
each t E R the map exp(tX) is a diffeomorphism of~R d . 

II. IfipE C°°(Yi d ) and t G R then 

oo 

(p(exp(tX)(x)) = {e tx uo){x) ~ ^t n n\~\X n uo){x) 

n=0 

/or a// x E R d ; where ~ denotes the Taylor series {in i) around 0. 

We also need some quantitative estimates. It is convenient to introduce a multi-index 
notation. For all N E N and n E N set 

n oo 

UN) = 0{1, • • • , N} k , J(N) = 0{1, . . . , iV } fc 

fc=0 fc=0 

and let J+(N), J + (N) denote the corresponding sets with the restrictions k > 1. 
One can prove the next lemma with the aid of Gronwall's lemma and induction. 

Lemma 3.2 Let X be a C£° -vector field. 

I. For all k G N there exists an M > snc/i i/iat 

|Sf exp(tX)(x)\ < M 

uniformly for all t G R and x G R d . 

II. For a// a E J(d) and k E N with \a\ + k > 1 i/iere exist M, > s«c/i t/iat 

|Sf d£exp(tX)(a;)| < Me^ 

uniformly for all t G R and a; G R d . 

III. There are M,u > suc/i £/ja£ 

||e' x v?||2 < Me w|<l ||y?|| 2 
/or alltEH and up E C c °°(R d ). 

Next we need several estimates which follow from the Campbell-Baker-Hausdorff for- 
mula. The first of these is an estimate for the product of two flows generated by C£°-vector 
fields. The key observation is contained in the following lemma. 
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Lemma 3.3 Let Y\ and Y 2 be '-vector fields and let N G N\{1}. Then there exist 
Z 2 , . . . , Z N with Zj G span{Y[ a ] : a G J (2), \a\ = j} for all j G {2, . . . , N}, such that for 
all Lp G C°°(R d ) and x G R d one has 

d\ k 



(-) ^(exp(t(r 1 + Y 2 )) exp(-ty 1 ) exp(-tF 2 ) exp(-f%) . . . exp(-t iV Z J v)(a ; )) 
/or a/Z k G {l,...,iV}. 



i=0 



Proof This follows from the Campbell-Baker-Hausdorff formula as in the discussion 
preceding Lemma 4.5 of [Hot]. See in particular [Hor] . pp. 160-161. □ 

As a direct consequence one has the following estimate which is uniform over R d . 

Proposition 3.4 Let Y\ and Y 2 be C£° -vector fields and let N G N\{1}. Then there exist 
c > and Z 2 , . . . , Z N with Zj G span{Y[ a ] : a G J(2), \a\ = j} for all j G {2, . . . , N}, such 
that 

| exp(t(Yi + Y 2 )) exp(-tYi) exp(-tF 2 ) exp(-t 2 Z 2 ) . . . exp(-t N Z N ){x) - x\ < ct N+1 

uniformly for all x G R d and t G [—1, 1]. 

Proof Define $: R d x R -> R d by 

t) = exp(t(Yi + F 2 )) exp(— tYi) exp (-tF 2 ) exp(-t 2 Z 2 ) . . .exp(-t N Z N )(x) . 

If <p G C°°(R a! ) then it follows from Lemma [3.31 and the Taylor integral remainder formula 
that 

\ V mx,t)) - V (x)\ = |^($(x,t))-^($Or,0))| 

ivr 1 / ds{t-s) N d? +1 (p{${x,s)) 



for all x G R d and t G R. Now apply the above to (p — Hk- It follows from Lemma [3.211111 
that there exists an M > such that \d^ +l 7Tk(&(x, s))\ < M uniformly for all x G R d and 
s G [-1,1]. Then 

|7r fe ($(x, £)) - s fc | < AH" 1 / ds (t — s) N M = M (N + l)!" 1 t (N+1) 

Jo 

for all x eR d ,t e [-1, 1] and jfe G {1, . . So |$(x,t) - ar| < Mdt N+1 for all x G R d 

and fe [-1,1]. □ 

Finally we give an estimate comparing the flow generated by a combination of multi- 
commutators in terms of products of the elementary flows. 

Lemma 3.5 Let Xi, . . . ,X^ be C£° -vector fields and s G N. Then there exists an M > 
such that for all b: J+{N) —> [— 1, 1] there are n G {1, . . . , 3(2d) s }, i 1 ,...,i n G {1, . . . , N} 
and di, . . . , a n G [— M, M] such that 



d\ k 
dt, 



y?(exp( 22 tlalx [a]) exp(-attX h ) . . .exp(-a n tX in )(x)) 

a€J+(N) 

for alike {I,..., N}, cp G C°°(R d ) and x G R d . 







t=o 
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Proof This follows from the arguments in the proof of Lemma 2.22 in [N SW] . □ 

Proposition 3.6 Let s G N andX\, . . . , Xn be C£° -vector fields. Then there exist M, M' > 
such that for all 5 G (0, 1] and b: J+(N) -> [-1, 1] with \b(a)\ < 5^ for all a G J+(N) 
there are n G {1, . . . , 3(2d) s }, z 1; . . . , i n G {1, . . . , N} and ai, . . . , a n G [-M6, M5] such 
that 

|exp( b(a)t a X [a] )(x) exp(-a 1 tX ll ) . . .exp(-a n tX in )(x) - x\ <M'(5\t\) s+1 

a£j+(N) 

uniformly for all x G R d and t G [—1, 1]. 

Proof Let M > be as in Lemma E3J Let 5 G (0,1] and b:J+(N) -> [-1,1] with 
|6(a)| < 5^ for all a G J+(N). Then <5-l Q l |6(a)| < 1 for all a G J+(JV). By Lemma [33] 
there are n G {1, . . . , 3(2<i) s }, ii, . . . , i n G {1, . . . , iV} and ai, . . . , a n G [— M, M] such that 



d\ k \ -» 

V?(exp( 2j 5 _|a| 6(a)t |a| X[ a ])exp(-aitX il ) . . . exp(-a n tX in )(a;)) 



dt 



t=o 



aeJT(N) 

for all k G {1, ... , N}, if G C°°(R d ) and x G R d . Define $:R d xR^R d by 

$(x,t) = exp( 5" |Q| 6(a)t |a| X [a] )exp(-a 1 tX il ) . . .exp(-a n tX in )(a;) . 

aeJ+(N) 

Then it follows from Lemma 13.211111 as in the proof of Proposition 13.41 that there exists an 
M' > 0, depending only on the X[ a ] with a G J*(N) and n, such that \$(x, t) — x\ < 
M' \t\ s+l uniformly for all t G [—1, 1] and x G R d . Replacing t by St and a* by aj<5 _1 yields 
the proposition. □ 



4 Subellipticity estimates 

In this section we prove Theorem II .31 The proof follows closely Hormander's reasoning and 
the subsequent discussion should be read in conjunction with Section 4 of [Hot]. Through- 
out the section X\, . . . , Xpj are C^°-vector fields but we do not require that they satisfy the 
uniform Hormander condition until Proposition 14.71 Set Hq = Y2f=i -^i with domain 
D{Hq) = W°° ,2 (R d ). Then H$ is essentially self-adjoint by Proposition 12.31 Let H denote 
the closure of H . Alternatively, define the quadratic form h on L 2 (R d ) by 

N 
i=l 

and domain D(h) = f]f =1 D(Xi). Then the form h is closed Let H be the positive self- 
adjoint operator associated with the closed quadratic form h. Then obviously Ho C H and 
by uniqueness of self-adjoint extensions one has H = H. 

Hormander's proofs are based on the extensive use of Holder norms. Therefore we 
associate with each C^-vector field X a family of such norms. Specifically for all 7 G (0, 1] 
we define the Holder norm || ■ \\2-,x,j by 

IM|2;X, 7 = IMI2 + SUp |t|~ 7 ||e' X <y9 - ip\\ 2 
0<|t|<l 
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for all ip G C^°(R d ). In addition we introduce the universal Holder norms 

IM|2; 7 =|M|2+ SUp \x\~" / \\L(x)(p - ip\\ 2 
0<|x|<l 

for all ip G C^°(R d ), where L( ■ ) denotes the left regular representation of on /^(R^). 
The next two lemmas are similar to Lemmas 4.1 and 4.2 in [Hor] . 

Lemma 4.1 Let X be a C"^ -vector field. Further let ip G C£°(R d ) and 7 G (0, 1]. Then 
there exists a c > such that 

|M|2;V>X, 7 < C |M|2;X, 7 

for all ip G C c °°(R d ). 

Proof Following Hormander's proof of Lemma 4.1 we define r: R d x R — > R to be the 
solution for each x G R d of the initial value problem 

d t r(x, t) = ^(exp(r(x, t)X)(x)) and r(x, 0) = . 

Then it follows from Gronwall's lemma that there are M, u > such that 

\d k T(x,t)\ < Me" 1 ' 1 (15) 

for all G {1, . . . , d}, x G R d and t G R. Consequently one calculates as in [Hor] that 

\\e*+ x <p-<p\\ 2 < 

2 It]" 1 f dx I da\ip{exp{T(x,t)X){x)) - <p{exp(aX)(x))\ 2 + 2\t\ 2 ^ \\<p\\l 

J J {a:\a\<\t\} 



for all t G [-1, 1]\{0} and tp G Q°(R d ). 

Fix t G [— 1, 1]\{0}. Introduce new variables y = exp(aX)(x) and w = r(x,t) — 0. 
Then the Jacobian of the coordinate transformation is given by 



d x exp(aX)(x) d a exp(aX)(x) 
(d x r)(x,t) ' -1 



Since |er| < \t\ < 1 it follows from (|15j) and Lemma [3. 211111 that there exists an M > such 
that \ J x ,er\ < M uniformly for all x G R d and a G [—1, 1]. Moreover, \t(x, t)\ < Halloo |*|> 
so \w\ < (1 + Halloo) \t\. Hence 

dx da |<^(exp(r(x, t)X)(x)) — (p(exp(aX)(x))\ 2 

J J {a:\a\<\t\} 

<M\t\~ l [dy [ dw\ V (exp(wX)(y))-v(y)\ 2 <M'\t\^Ml Xn 

J ^{™:M<(l+lh/>ll°o)l*|} 

for all if G C£°(R d ), where we used Lemma [3.2111111 The statement of the lemma follows 
immediately. □ 
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Lemma 4.2 Let $: R d x (-2, 2) -> R d be a C°° -function, iV' G N and 7 G (0, 1]. Suppose 
there exists an M > snc/j £/iai 

|$(s,t)-z|<M^' and |dfc$(x,t)| < M 

uniformly for all x G R d , t G [—1, 1] ane? G {1, . . . , d}. Then there exists a c > suc/i 
that 

[ dx\^{x,t))-v{x)\ 2 <c\t\ 2N ^\\ V \\i a 

jR d 

for all ip G C c °°(R d ) and t G [—1,1]. 

Proof The proof is similar to the proof of Lemma 4.2 in |Horj , with the same modifications 
as in the proof of Lemma 14. 1[ □ 

The conclusion of Lemma I4T21 can be immediately translated into a bound on the Holder 
norm. 

Corollary 4.3 Let X be a -vector field and let 7 G (0, 1]. Then there exists a c > 
such that \\(p\\2;x,f < c IMU7 f or a ^ V e C£°(R d ). 

Proof It follows from the Duhamel formula that 

\ix k (exp(tX))(x) - n k (x)\ < / ds \(Xn k )(exp(sX)(x) \ < WX-KkW^ \t\ 

Jo 

for all k G {1, . . . , d}. Therefore 

d 

\(exp(tX)(x) -x\ < \t\J2\\ X *k\\oc 

k=i 

for all t G R and x G R d . Then the corollary follows from Lemma 13.211111 and Lemma 14.21 
applied with <3>(x, t) = exp(£X)(x) and N' = 1. □ 

Proposition 13.41 immediately yields a global version of Hormander's Lemma 4.5. 

Lemma 4.4 Let Y 1 and Y 2 be C£° -vector fields, 7 G (0, 1] and N G N\{1}. Let Z 2 ,...,Z N 
be as in Proposition \3Ai Then there exists a c > such that 

N 

Ue'CK+i^ - <p\\ 2 < c (||e^V - <ph + II^V - ^2 + £ ||e*% - <p|| 2 + |tr (Af+1) |M| 2;7 ) 

i=2 

/or a// ^ G C 6 °°(R d ) and t G [—1,1]. 

Proof Define R d x R -> R d by 

= exp(t(F 1 + Y 2 )) exp(-tF 1 ) exp(-tF 2 ) exp(-t 2 Z 2 ) . . . exp(-t N Z N )(x) . 

If c > is as in Proposition 13.41 then it follows that \<&(x,t) — x\ < c \t\ N+1 for all x G R d 
and t G [—1,1]. Secondly, 

sup sup sup I (dk$) (x, t) I < 00 

fcg{l,...,d}zeR d tS[-l,l] 
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again by Lemma 13.211111 Hence by Lemma 14.21 it follows that there is a c\ > such that 

j dx \<p(<*(x,t)) - V (x)\ 2 < c{ \t\ 2 ^'Ml n 

for all up E C c °°(R d ) and t E [—1, 1]. 

Next, for all t G R define H t :C°°{R d ) -> C°°(R d ) by (H t ip)(x) = (p($(x,t)). Then 
\\H t (p - ud\\ 2 < c x t( N+1 >i\\(p\\ 271 for all <p E C c °°(R d ) and t E [-1, 1]. But 

H t = e- tNz » . . . e- t2z *e- m e- m e tiY ^ 

and 

e t(Y 1+ Y 2 ) = e tY le tY 2e t*Z 2 £ t»Z NHt 

for all t E R. Then the lemma follows from a concertina formula, and Lemma 13.2111111 □ 

We emphasize that in the next two lemmas it is not necessary for the vector fields to 
satisfy the uniform Hormander condition. 

Lemma 4.5 Let X±, . . . , X N be Cf -vector fields and let 7, 5 E (0, 1] . Then for all a E 
J + (N) there exists c\,c% > such that 

N 

h\\2;X [a] ,y\a\-i < C X ^ IMk^yy + C 2 |M| 2 ;«5 
J'=l 

for all Lp E C c °°(R d ). 

Proof Let a E J + (N). Fix s E N with s > \a\ V 7 <5 _1 . By Proposition 13.61 applied with 
5 = 1 there exist n E {1, . . . , 3(2rf) s }, i±, . . . ,i n E {1, . . . , iV}, M, M' > and di , . . . , a n E 
[-M, M] such that if $: R d x R -> R d is given by 

${x,t) = exp(t |a| X [Q ])exp(-aitX il ) . . . exp(-a n tX in )(x) 

then |$(x,t) — x\ < M' \t\ s+1 uniformly for all t E [—1,1] and x E R d . Moreover, by 
Lemma T3.2II1H there exists an M" > such that \dk$>(x, t)\ < M" uniformly for all x E R d , 
t E [-1, 1] and k E {1, ... , d}. For all t E R define H t : C°°(R d ) -> C°°(R a! ) by (H t ip){x) = 
(p(<&(x,t)). Then by Lemma [4.21 there is a c > such that 

ii^-^ii 2 <c|t|^i^ii 2;5 <c|tr^ii 2;5 

for all t E [— 1, 1] and p E C c °°(R d ). But 

e* |a ' x w = e aitx h . . . e a " tx in}j t 

Therefore Lemma [3.2111111 implies that there is a c' > such that 

n 

\\e tHx ^ - <p\\ 2 < d (J2 \\e aitXil V -<Ph+ WH& - <p\\ 2 ) 

1=1 

n 

1=1 

for all t E [—1, 1] and ip E C^°(R d ). Then the lemma follows from Lemma [4. II □ 
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Lemma 4.6 Let X 1} . . . ,X N be Cg° -vector fields. For all k G N set 

= span{^X [Q] : if, G C 6 °°(R d ), a G J£(N)} . 
Then for all 5, 7 G (0,1], k G N and X G there exists a c> suc/i t/iat 

TV 

||^||2;X, 7 fc-i < C (^Z IMkXj,7 + IM!^) (16) 
3=1 

for all if G C c °°(R d ). 

Proof Fix 5 G (0,1]. If 7 < 6k then (JUJ) follows from Corollary S31 For all n G N let 
P(n) be the following hypothesis. 

For all k G N, 7 G (0, 5&2 n ~ 2 A 1] and X G £> (fe) there exists a c> such that 

TV 

|M|2;X, 7 fc-i < C Wvhtfj,-/ + IMUtfJ 

i=i 

for all G C^°(R d ). 

Then P(l) is valid. Let h 6 N and suppose that P(n) is valid. Let k G N and 7 G 
(O,^™- 1 A 1]. Consider 

V = {X G £> (fe) : there exists a c> such that 

TV 

IMU, 7 *-i < c (53 IMI^,7 + IMk*) fOT a11 v e cr(R d )} • 

If a G J£(N) then X [q ,] G ^ by Lemma H23 Moreover, if in addition ip G C fe °°(R d ) then 
ipX\ a ] G V by Lemma fl~Tl So it remains to show that V is a vector space. But that follows 
from Lemma 14.41 and the induction hypothesis. □ 

The next proposition is the first application of the uniform Hormander condition. 

Proposition 4.7 Let Xi, . . . ,Xn be -vector fields satisfying the uniform Hormander 
condition of order r on R d . Then for all 7 G (0, 1] there exists a c> such that 



TV 



3=1 

~"X)/-r>d\ 



for all if G C 6 °°(R d ). 

Proof It follows from Lemma 14.61 that for all X G T>^ there exists a c > such that 



TV 

Mhryr-i < C WvhiXj,"/ + IM|2; 7 (2r)- 



3=1 
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for all ip G C£°(R d ), where T>^ r > is as in Lemma \4 .61 By the uniform Hormander condition 
one has <9j G T>^ for all i G {1, . . . , d}. Hence there is a c > such that 



; 7 r 



< 



7 r 



< C 



N 

(Yl |b||2;X J)7 + lbl|2; 7 (2r)-l) 



i=l j=l 

for all (f G C£°(R d ). But there is a c\ > such that 

IM|2; 7 (2r)-i < £ ||^|| 2;7r -l + C\ ^ || V 5 II 2 

for all G C^°(R d ) and £ > 0. Choosing e = (2c) _1 one deduces that 

N 



\<Ph 



; 7 r- 



< 2c(j^\\ip\\ 2 . Xja + 2cci ||p||a) 



3=1 



for all y> G C c °°(R d ). 



□ 



For the last part of the proof of Theorem 11.31 we need some additional interpolation 
spaces. The proof relies on an extrapolation, interpolation and a similar extrapolation 
argument. If r = 1 then Ho is strongly elliptic and the theorem is well known. So we may 
assume that r > 2. 

If L is the generator of a continuous semigroup S on L 2 (R d ), p G [1, oo] and 7 G (0, 1] 
define the functions || • l| 7lP ,s, || • || 7 , p ,s> II ' \\i,p,l- L 2 (R d ) — > [0, 00] by 



l 7 ,p,S' 



m 



J,P,S 



\<Phj>,i> 



m\2 + 

Mb + 
MI2 + 



dtt 



-1 



p\ i/p 



dtt 



-1 



p\ i/p 



dtt 



-1 



t 7 Kt((p) 



P\ 1/P 



if p < 00, where 

Kt(<p) = inf{||v? - fih + t \\L(pi\\ 2 : <fi G D(L)} 
with obvious modifications if p = 00. Define the interpolation spaces 

X 7tP ,s = {<£> e L 2 (R d ) : |M| 7 ,p,s < 00} 
* 7lP ,S = {^e ^ 2 (R d ) : IMI 7iP ,s < 00} 



with norms 



and 



\ry tP) s anu 11 ■ \\y p s- If ^ an d ^ are two Banach spaces which are embedded in 
a locally convex Hausdorff space denote by (X, y) ltP ,K the interpolation space with respect 
to the K-method. Then 

(L 2 (R d ),D(L))^ K = { V e L 2 (R d ) : \\p\\^ L < 00} 

and the norm is equivalent to 1 1 ■ || 7 , p ,l- If 5 is a continuous semigroup then it fol- 
lows from [BuBj, Theorem 3.4.2 and Corollary 3.4.9, that the spaces X^ tP) s, X' s and 
(L 2 (R d ), D(L)) 1jPj k are equal with equivalent norms if 7 < 1. Moreover, if S is merely 
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continuous, p = oo and 7 = 1 then D(L) C Xi >00 s an d the embedding is continuous. If L 
is a positive self-adjoint operator and p = 2 then a much better result is valid: 

D(L?) = X^ s 

and the norms are equivalent (see [EIRlj . Lemma 7.1). 

As in Section [2] we set L = I + A and let S be the semigroup generated by L. 

Lemma 4.8 D(H) C (L 2 (R d ), D(L)) r 

- 1 00 k an d the embedding is continuous. 

Proof It follows from [E1R1], Theorem 3.2, that the norms || • ||2,<s and X 2 -is,oo,s are 
equivalent for all 5 G (0, 1). Moreover, D(Xi) C Xi t<x ,Xi and the embedding is continuous. 
Hence it follows from Proposition 14. 7\ applied with 7 = 1, that there is a c\ > such that 

sup rV r \\(I-S t Mj< Cl (y\\ 2 2 + (<p,H<p)) (17) 

0<i<l v ' 

for all if G C™(R d ). Then by density §Tfl) is valid for all <p G W 2 > 2 (R d ). Next let c > 
be as in Corollary [2T2][TT1 Set r = (2r) _1 and let t G (0, 1]. Choosing A = c\ (I + H ) and 
B = t- T (I-S t ) it follows from (pH) that (tp, A<p) > \\Bip\\ 2 for all ip G W 2 ' 2 (R d ). Moreover, 

\(<p, [B, [B,A]]<p)\ = Cl t~ 2T \(<p, [S t , [S t ,H ]]<p)\ < cc x \\Bp\\l < 2- 1 ||SV||l + c 2 c\ \\p\\\ 

for all tp G W°° ,2 (R d ) by Corollary 12. 2[ Therefore the assumptions of Lemma T2.6I are valid 
with V = W°°' 2 (R d ) uniformly for all t G (0, 1]. Hence 

c\\(I + H ) V \\ 2 = \\Ap\\ 2 > 2- 1 \\B 2 p\\ 2 - cc a \\<p\\ 2 = 2- 1 r 2 l(I - S t ) 2 p\\ 2 - cc, \\p\\ 2 

uniformly for all <p G W°° ,2 (R d ) and t G (0, 1]. Therefore 

c\\{I + H )p\\ 2 > 2- 1 ||^|| 2Ti0Oi5 - (cci + 1) |M| a 

for all <p G W°°' 2 (R d ). Since W°°' 2 (R d ) is a core of H and X^ TOoS is complete it follows 
that D(H) C X 2roo s and the embedding is continuous. Finally, the lemma follows because 
^2-7-00 s = X 2Ti(Xi ,l, with equivalent norms. □ 

It follows from Lemma [4.81 that 

D{H) d {L 2 {R d ),D{L)) r -,^ K 

and the embedding is continuous. Hence by interpolation 

(L 2 (R d ), D(H)) 2 -i j2>K C (L 2 (R d ), (L 2 (R d ), D(L)) r -i >00>K ) 2 -i >2jK . 

But by the reiteration theorem, |BuBj Theorem 3.2.20, one has 

(L 2 (R d ),{L 2 {R d ),D(L)) r -i i00!K ) 2 - 1>2;K = (L 2 (R d ),D(L)) Ti2>K 

with equivalent norms, where again r = (2r) _1 . Moreover, 

(L 2 (R d ), D(L)) Ti2jK = D(L T ) and (L 2 (R d ), D(H)) 2 -i, 2jK = D(H^ 2 ) 

with equivalent norms. So D^H 1 ^ 2 ) C D(L T ) and the embedding is continuous. Therefore 
there exists a c > such that 

|| A>|| 2 < ||L>|| 2 < c (|M| 2 + H^VII") = c (|M|2 + {<p, H<p)} 
for all ip G D(H). Then Theorem 11.31 is a corollary of Theorem ll.il □ 
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5 The Uniform Hormander Condition 

Let Xi, . . . , X N be C£°-vector fields on H d . We conclude by deriving several characteriza- 
tions of the uniform version of the Hormander condition. 

Each vector field Xi can be expressed as a partial differential operator Xi = Ylt=i a ^ ®k 
with coefficients = Xi7i k E C£°(R d ), where n k denotes the projection on the k-ih 
coordinate. The multi-commutator X[ a ] is also a C£°- vector field with coefficients a ak = 
X [a] TT k E C 6 °°(R d ). Explicitly X [a] = J2 d k=1 a ak d k . Then for all r G N and all i,j E 
{1, . . . , d} define 

(r) _ \ ^ 

a£j+(N) 

and set = (cj^). The matrix is real symmetric and positive semidefinite. In 
particular the operator H Q given by @ is a second-order operator in divergence form with 
the matrix of coefficients = (Ylt=i a ki a kj)- 

Proposition 5.1 Let Xi, . . . ,X N be C£° -vector fields. For all a E J + (N) and x E R d let 
a a (x) E R d be such that X[ a ] = Ylt=i a akd k . Moreover, fix r E N. Then the following 
statements are equivalent. 

I. The vector fields Xi, . . . ,Xn satisfy the uniform Hormander condition of order r 
on R d . 

II. There exists a a > such that C^ T '{x) > a I uniformly for all x E H d . 

III. There exists an M > such that for all x E R d ; % E {1, . . . , d} and a E J^~(d') there 
exists a X a E [-M, M] such that 

&i ^ ^ Aq a a {x^ , 

where e, is the unit vector in the i-th direction. 

IV. There exists a a > such that 

Vol | X *a a {x) ■ \K\ < 1 for all a E J r + (iV) j > a 

uniformly for all x E TV 1 . 

V. There exists a o > such that for all x E R d there are multi-indices a%, . . . , a<j E 
Jr(N) such that 

|det((X [a . ] 7r i )(a;))| = \det(a ai (x),...,a ad (x))\ > a . 

Proof HHIED It follows from Statement [J that for all i E {1, . . . , d} and a E J+{N) 
there are ip ia E C£°(R d ) such that 

di = ^ia^H 
a€J,t(V) 

for alii E {1, . . . , d}. Then e, = J2 a eJ+(N) ^iai^) a a (x) for all x E R d and Statement [TTT1 
follows with M = maxigji^..^} max QgJ + (iV) ||V>ia|U- 
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UnkHYl Let M > be as in Statement ED Then 

d 

{5^A iei :0< A 4 < {dM)- 1 for all z| C { ^ A Q a«(ar) : |A a | < 1 for all a| 



a6J7(iV) 

for all x G R d . Therefore 



Vol j A ° a «( x ) : |A«| < 1 for all a} > Vol j ^ A< : < A* < (dM)" 1 for all z} 

i 

= (dM)' 



a&J+(N) 



i=l 



for all x G R d and Statement IIVI follows. 

ITVT=^>rVl Fix x G RA By Lemma 3.1.2 in |Smuj there are «i, . . . , G J^(N) and for 
all a G J^~(N) and G {1, . . . , d} there are X a k G R with |A a fc| < 2 L ~ d such that 



"Ofe \ X ) 



fc=i 

where L = cardJ+(iV). Then 

| A Q a Q (x) : |A a | < 1 for all a| C 2 L ~ d L^ ^ X k a ak (x) : |A fc | < 1 for all fcj . 



Therefore 



fe=l 



det(a ai (x), . . . , a ad (x))\ =2 d Vol j ^""^ A& a aA . (x) : |A/J < I for ah k 



fc=i 



> 2~ L L _1 Vol{ A Q a Q (x) : |A a | < 1 for all a} 



Thus Statement [TV] implies Statement IVl 

|VT=>|II1 Let a > be as in Statement PVT. Fix x G H d . Then there are ai, . . . , ad G Jf(N) 
such that 

| det(a ai (x), . . . ,a ad (x))| > cr . 
For all k, I G {1, . . . , d} set d M = V\ =1 a a, k(x) a aj i{x) and D = (d H ). Then 

det D = ^det(a ai (x), . . . , a ad (x))^ > cr 2 . 

Moreover, 

C (r) >£> Pir ( ^ 1} (det£>)/> IpH-^Vl 

where ||D|| is the norm of the matrix D. Since the coefficients a a are uniformly bounded 
Statement [II] follows. 
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im=^IIl If X = J2k=i a k ®k then since is invertible one computes that 

X= ((C {r) r\a a )X [a] . 

a£j+{N) 

But the condition > a I implies that the coefficients of the matrix (C^)" 1 are in 
C£°{R d ). □ 

Statement [Til of Proposition 15.11 is the formulation of the uniform Hormander condition 
used by Kusuoka and Stroock in Section 3 et seq. of |KuSl] and again in their analysis of 
long time behaviour in |KuS2] (see Theorems 3.20 and 3.24). The determinant identified 
in Statement [V] of Proposition 15.11 plays a ubiquitous role in the analysis of Nagel, Stein 
and Wainger [NSW] and was also identified by Jerison as an important parameter in the 
Poincare inequality (see [Jerj . Condition (2.3c) on page 505). 

Finally we note that for operators Hq with C^-coefficients Fefferman and Phong have 
shown that the subellipticity condition (jSJ) is locally equivalent to a property of the geom- 
etry associated with H . Nagel, Stein and Wainger [NSW] have then analyzed in detail 
the local geometry for operators (jlj) constructed from vector fields satisfying the local 
Hormander condition. One could expect that there are global analogues of these results. 
In a separate paper we will indeed extend the conclusions of Nagel, Stein and Wainger 
and obtain uniform properties of the geometry, properties such as volume doubling, if the 
vector fields satisfy the uniform Hormander condition. 
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